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Sherwood [Z] showed that every Menger space with continuous t-norm 
has a completion which is unique up to isometry. Since fuzzy metric spaces 
resemble in some respects probabilistic metric spaces it is to be expected 
that at least some fuzzy metric spaces have a completion. The purpose of 
this paper is to prove that. 
We need the following definitions. For the definition and properties of a 
fuzzy metric space see also [ 11. 
DEFINITION 1. Let X be a non-empty set, d a mapping from Xx X into 
G, the set of non-negative, upper semicontinuous, normal, convex fuzzy 
numbers, and let the mappings L, R: [0, l] x [0, 11 -+ [0, l] be symmetric, 
nondecreasing in both arguments and satisfy L(0, 0) =0 and R( 1, 1) = 1. 
Denote the a-level set of d(x, y) 
[4-x, YJI, = C&(x, ~1, PA-~, .Y)I 
for all x, y E X, 0 < tx 6 1. The quadruple (A’, d, L, R) is called a fuzzy metric 
space and d a fuzzy metric, if 
(i) d(x,y)=o if and only if x=y, 
(ii) d(x,y)=d(p,x) for all x, ycX, 
(iii) for all x, y, 2 E X 
(1) d(x, y)(s + t) >, L(d(x, z)(s), d(z, y)(t)) 
whenevers6~,(x,=),t~2,(=,v)ands+t~~,(s,p) 
and 
(2) 4x, v)(s + t) d Ndb, z)(s), d(z, y)(t)) 
whenevers>A,(x,z),t>A,(,-,y)ands+t>A,(x,y). 
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DEFINITION 2. Let (X, d, L, R) be a fuzzy metric space. Then 
(a) A sequence {x, > in X converges to x if lim, _ iTo d(x,, x) = 0, i.e., 
lim, + m pa(x,, x) = 0 for all 0 < c1< 1. 
(b) A sequence {x,,} is called a Cauchy sequence if lim,,,, a 
d(x,, x,) = 0. 
(c) The space (A’, d, L, R) is complete if every Cauchy sequence in X 
converges. 
(d) The fuzzy metric spaces (X, d, L, R) and (xl, d’, L’, R’) are 
isometric if there exists a one-to-one mapping 4 from X onto X’ such that 
for every x, y E X d(x, y) = d’(#(x), 4(y)). The mapping 4 will be called an 
isometry. 
(e) A complete fuzzy metric space (X*, d*, L, R) is a completion of 
(X, d, L, R) if (X, d, L, R) is isometric to a dense subset of (X*, d*, L, R). 
THEOREM. Let (X, d, Min, Max) be a fuzzy metric space with 
lim d(x, y)(t)=0 for all x, y E X. (1) I--r T. 
Then (X, d, Min, Max) has a completion which is unique up to isometry. 
Proof: The proof will be divided into the following steps: 
(i) Partition the set of all Cauchy sequences in X into equivalence 
classes and define X* as the collection of these equivalence classes. 
(ii) Define a fuzzy metric d* on X* x X*. 
(iii) Show that (X*, d*, Min, Max) is a fuzzy metric space. 
(iv) Embed (X, d, Min, Max) isometrically into (X*, d*, Min, Max). 
(v) Show that the isometric image of (X, d, Min, Max) is dense in 
(X*, d*, Min, Max). 
(vi) Show that (X*, d*, Min, Max) is complete. 
(vii) Show that any completions of (X, d, Min, Max) are isometric. 
These steps are precisely those used in the proof of the corresponding 
theorem for metric and probabilistic metric spaces (see, e.g., [2, 31). Note 
that by the assumption (1) of the theorem pa(x, y) < cc for all a E (0, 11, x, 
y E x. 
(i) Two Cauchy sequences {x,} and { y,} are called equivalent, 
denoted (x,} - { y,>, if lim, _ m d(x,, y,) = 0. This relation clearly is 
reflexive and symmetric. Let {xn}, { y,} and {zn} be Cauchy sequences in 
X such that {xn} - { y,,} and ( y,} - {z~}. Then for all c1 E (0, l] we have 
(cf. Theorem 3.1 in [l]) pJx,, z,) d PJx,, y,) + p,( y,, z,) -+ 0 as n + co. 
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Thus {x, > N {z,) and the relation - is also transitive and consequently an 
equivalence relation. Let X* be the collection of equivalence classes of X 
determined by the equivalence relation -. 
(ii) Letx*,y*EX*, {x,)Ex*, {y,)~~*andcc~(O,l].Sinceforall 
x, y E X pa(x, y) and &(x, y) are pseudometrics then by the inequalities 
and 
I P&m YJ - Porkl? Y,)l6 P&m 4 + P,(Ym Y,) 
pa(x,, yn) and &(x,, yn) are real Cauchy sequences. Hence the limits 
lim, _ m P.(x,, Y,) and lim, + m IzJx,, y,) exist. Since p, (resp. A,) is non- 
increasing (resp. nondecreasing) in c1 then for all sequences {Q} strictly 
increasing to a, abbreviated elk 7 a, we have 
and 
lim &(x,,y,)a lim lim A,,(x,,y,)>O. (3) 
n-m k+oo n+m 
Let ak t o! and define 
[d*(x*, Y*)l, = Cw*, Y*), #4(x*, Y*)l 
= C;+mm ?rT”, Lk(xny Y,), !imrn JrT”, P&~, YJI. (4) 
If {xn} N {xk} and {v,,} - ( yk} then by the inequalities 
I Pcrkl? YJ - P,(XiIt A)l GP,(X,, 4) + PJY,, YiJ 
and 
we see that the definition (4) is independent of the choice of the sequences 
{x,> and {y,}. It is also independent of the choice of {ak}. In fact, let 
c(~ T c1 and c$ t cc Then we can form a sequence Pk r c( such that {a,} has 
{ ak} and {a;} as subsequences. Thus 
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Yet we have to show that (4) defines a fuzzy metric. By the inequalities 
(2) and (3) [d*(x*, y*)], # @ for all a E (0, 11. 
Let CIE (0, l] and ~?a. We show that &(x*, y*) =lim,,, p&(x*, y*) 
and 1:(x*, y*) = lim,, m 1,*,(x*, y*). This proves by a representation 
theorem (see, e.g., [ 11) that d* is a fuzzy metric. Furthermore the property 
(1) holds true. 
Let E > 0 and /?F 7 elk as j + co. Since uk t a and pzk(x*, y*) = lim,, m 
lim, + z p,+(x,, y,), we can choose a sequence (&)} such that fl;k, t c1 and 
I&(x*, Y*) - ,‘+mm P~;~$x,, YJ <E for k = 1, 2,.... 
Hence 
I !+rn% p,*,(x*, y*) - pt(x*, y*)l 
= I !‘rnm &(x*, y*) - F-mm Jim= Pgk,k, yJl 6 E. 
A similar reasoning yields lim,, IxI lzk(x*, y*) =1:(x*, y*) with tlk t c(. 
(iii) Clearly d*(x*, y*) = 0 if and only if x* = y*. Since pa and 2, are 
symmetric and satisfy the real triangle inequality then also d* is symmetric 
and satisfies the fuzzy metric triangle inequality with L = Min and R = Max 
(see [l, Theorem 3.11). 
(iv) Define t,k: X+X* by setting $(x) the equivalence class of the 
sequence {x, x ,..., }. Then t,G is an injection and by a representation theorem 
(cf. [l]) we have for all a~(0, 11, c(~TE, 
[I&(x, Y), PA ~11 = Cd& ~)]a. 
Thus $ is also an isometry. 
(v) Let x*EX* and (X,}EX *. Then as in the metric case we can 
prove that {@(x,,)} is a Cauchy sequence in X* which converges to x*. 
Therefore $(X) is dense in X*. 
(vi) Let (xz} be a Cauchy sequence in X*. Since e(X) is dense in X* 
there exists a sequence {xn> in X such that {$(x,,)}- (XX}. Furthermore 
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{xn} is a Cauchy sequence. So there is an element .Y* E X* such that 
ix,} EX*. Now {xX> converges to x* and hence (A’*, d*, Min, Max) is 
complete. 
(vii) Let (X’, d’, Min, Max) and (A”‘, d”, Min, Max) be two com- 
pletions of (X, d, Min, Max) and let Ic/’ and $” be the isometric embed- 
dings of X into X’ and x”, respectively. Let X’ E x’. Since e’(X) is dense in 
x’, there is a sequence (x,,} in X such that ($‘(.u,,)> converges to x’. Since 
(x,} and consequently ($“(x,)} are Cauchy sequences, there is a point 
x” E x” such that ($“(x,J) converges to x”. The function 4 defined by 
+6(x’) = x” is the desired isometry. This completes the proof. 
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